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Abstract. Let R = k[\t a ,t b ,t c \] be a complete intersection numerical semi- 
group ring over an infinite field k. The Loewy length, which is the Auslander 
index in this case, is computed in terms of the minimal generators of the semi- 
group: a, b and c. Examples provided show that the left hand side of Ding's 
inequality mult(i?) — index(i?) — codim(i?) + 1 > can be made arbitrarily 
large for rings R with edim(ij) = 3 . The index of a complete intersection nu- 
merical semigroup ring with embedding dimension greater than three is also 
computed. 



Introduction 

Let (R, m, k) be a local noetherian Gorenstein ring with maximal ideal m and 
residue field k and let M be a finitely generated i?-module. The Auslander 's delta 
invariant of the module M, denoted by S(M), is the smallest non-negative integer 
[i such that there exists an exact sequence of i?-modules, called Cohen-Macaulay 
approximation, — >• Y — > X © i? M — > M — > such that X is a maximal Cohen- 
Macaulay module with no free direct summands and pd R Y < oo; see pQ. It is 
clear from the definition that 8(R n ) = n for every integer n > 1. If pd R M < oo, 
then 5(M) is the minimal numbers of generators of the module M. Moreover, 
a surjective homomorphism M — > N — > induces an inequality between the 
delta invariants: S(N) < 5(M). In particular, < S(R/m) < S(R/m 2 ) < ••• < 
(5(i?/m 4 ) < S(R/m l+1 ) < ■ ■ ■ < 1, for aU i > 1. 

The index of the ring R introduced by Auslander and studied by Ding in his thesis 
[5], denoted by index(-R), is defined as the minimum i > 1 such that S(R/m l ) = 1. 
The index is finite for all Gorenstein rings. Ding studies further in [S] the properties 
of the index over Gorenstein rings with infinite residue field. He proves that a ring 
R is regular if and only if index (i?)=I. Moreover, he shows that the ring R is 
a hypersurface if and only if index(i?) = mult(i?), where mult(i?) denotes the 
multiplicity of the ring R. Furthermore, if R is not regular, then 

(*) mult(.R) - index(i?) - codim(i?) + 1 > 0. 

In particular, mult(i?) > index(i?). Here codim(i?) = edim(i?) — dim(i?) denotes 
the codimension of the ring R. 

Martsinkovsky [7] extends the notion of index for rings which are not necessarily 
noetherian, local or Gorenstein. He shows that the index is finite if R is a noetherian 
local ring. This index satisfies all of the properties mentioned above. 
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This paper was motivated by the following : 

Question. In the case when R is complete intersection ring is the left hand side 
of the inequality (*) bounded above by a constant? 

We answer negatively this questions by providing examples which show that the left 
hand-side can be made arbitrarily large. Example 12.51 shows that for any integer n 
with n > 2, there exist complete intersection rings R n with edim(i? n ) = 3 and 

mult(i?„) — index(i?„) — codim(_R„) + 1 = 2n — 3. 

Proposition 13.81 shows that for any n G N there exist complete intersection rings 
with edim(i?„) = n such that 

mult(i?„) - indcx(i?„) - codim(i?„) + 1 = 2" - 2n. 

These examples were found among the numerical semigroup rings. 

Working with semigroup rings requires methods different from those used in 
defining the index originally. In Section [T] we introduce some notions that are 
needed in the paper. 

The main result of the paper is Theorem 12.2) it leads to an explicit formula for 
the index of complete intersection numerical rings semigroup rings R — k[\t a ,t ,t c \], 
where k is an infinite field and a, b, c G N (with gcd(a, b, c) = 1); see Remark 12.31 In 
Section |3] we make a discussion on the index in the case of any Gorenstein numerical 
semigroup ring and compute the index for some rings R with edim(i?) > 3; see 
Proposition ^. 81 

1. Numerical Semigroup Rings 

In this section we introduce some terminology that will be used in this paper. 
Let H be a semigroup generated by natural numbers a\ < a 2 < ■ ■ ■ < a e . The 
set N \ H is finite if and only if gcd(ai, 02, ... , a e ) = 1; in this case H is called a 
numerical semigroup and the Frobenius number of H is given by 

f(H) = max{/i ^H\h + iEH, for every positive integer i}. 

1.1. The associated numerical semigroup ring of the semigroup H is defined as 

R = k[\H\] = k[\t s \s e H\] 

and has the following properties: R is a local ring with maximal ideal m = 
(t ai , . . . ,t a "), thus edim(i?) = e; R is a domain, thus depth (R) — 0; dim(i?) = 1; 
mult(i?) = a%; and R is Gorenstein if and only if the semigroup H is symmetric 
(i.e. s G H if and only if f(H) - s& H.) 

A semigroup H is called complete intersection or Gorenstein if the corresponding 
semigroup ring R = k[\H\] is complete intersection or Gorenstein respectively. 

1.2. Let R = k[\H\] be a Gorenstein numerical semigroup ring with k infinite field. 
The index of R is well defined and Watanabe shows in Proposition 1.23] that 

index(i?) = minium 1 C (t s ), where s G H}. 

In particular, if we set N s — min{i|m l C (t s )}, for s G H, then 

index(i?) = wm{N aj }j = i t ... ie . 
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If (i?, m) is a noetherian local ring, then the generalized Lowey length is denned by 



Watanabe's result shows that in the case when R is a Gorenstein numerical semi- 
group ring, the index of the ring is given by its generalized Lowey length. 

Another notion that will be used later in the paper is the order of an element s 



2. The index of Gorenstein semigroup rings of edim =3 

The normal semigroup rings of the form R = k\\t a : t h \] are hypersurfaces and 
index(i?) = mult(i?) = min{a, b}. Therefore, we turn our attention to the case 
when the semigroup ring is of embedding dimension three. These rings were studied 
by Herzog in [B] and by Watanabe in [UJ Proposition 3]. 

2.1. Let H be a numerical semigroup minimally generated by three elements and 
set R = k[\H\] for an infinite field k. The following are equivalent, after a possibly 
relabeling of the generators of H . 

(i) R is complete intersection; 

(ii) R is Gorenstein; 

(iii) There exists integers p, x, y > 2 such that H = (a, 6, c) where 

a G (x, y) with a $ {x, y} and b — px, c = py, gcd(x, y) — gcd(et,p) = 1. 

Moreover, when one (hence all) of these cases holds, f(H) = pxy + pa — (a + b + c). 

Theorem 2.2. Let R be a complete intersection semigroup ring of embedding di- 
mension three. With the notation from \2.1\ set a — a'x + a"y with a' and a" 
non-negative integers. Then the following equalities hold. 



ll(R) = min 



{l\m l C x, for some system of parameters x of i?} . 




x + a' + y — 



1, 




(a) Ifx < y, thenm\n{i\m l C (t a )} 



< 



y + a' + a" + 




1, if— £N. 



x 



' p + x - 1, 



if a' ^0 

or a' — 0, and p < a"; 



(b) min{i|m i C (t b )} = < 




1, 



if a' = 0, a" < p, and — e N; 
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(c) min{i|m* C (t c )} 



'p + y-1, 



a'+p— - 1, 
a' 



p + y - 1 + (p - a') 



>/a'VO 

or a" = 0, and p < a'; 

if a" = 0, a' < p, and ^eN; 

i/ a" =0, a' < p, and £ N. 



N 



Proof, (a). Set N — min{i|m l C (t a )}. We may reduce to the case a" < x and 
prove that 

'x + a'-l, ifo" = 0; 

y + a' + a"-l, if a" ^ 0. 

Indeed, assume that o = a'rr + a"y for some non-negative integers a' and a". 
There exist unique non-negative integers q and d" such that a" — qx + d" with 
< d" < x. If we set d' = a' + qy, then a = d'a; + d"y. We have o!" = if and only 



if — G N, and then 

a; 



x + d'-l = x + a' + y 1. 

x 



We have d" ^ if and only if — £ N, and then 



y + d' + d" - 1 = y + a' + a" + (y - x) 



a 
x 



- 1. 



For the rest of the proof we thus assume that < a" < x < y. By definition, N is 
the minimum natural number with the property that for any non-negative integers 
u, v and w such that u + v + w = N there exist non-negative integers a, (3 and 7 
with a > 1 such that 

ua + vb + wc = aa + fib + 7c. 

We may assume that u = 0, thus we get 

vpx + wpy = aa + (3px + jpy. 

Since gcd(a,p) = 1, there exists an integer a' > 1 such that a = pa', so after 
dividing by p the equality above becomes 

vx + wy — a'(a'x + a"y) + fix + 71/ •<=>■ 

x(v — a a — fi) — 2/(7 + a! a" — w). 

Since gcd(x, y) = 1, there exists an integer z such that 

v — a 1 a' — fi = yz 

7 + a! a" — w = xz. 

Setting v = N — 5 and w = S for some 5 € {0, 1, ... , N}, and using that a' > 
1, fi > and 7 > 0, we get that AT is the minimum positive integer such that for 
each < S < N, there exists z$ G Z such that 



(2.2.1) 



N — S — a' -5 + a" 

> ^,5 > ■ 
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In particular, for 5 = we have 

,„ „ «^ N — a' a" 
(2.2.2) > z > — . 

V x 

Case a" = 0. 

The inequality (|2 . 2 . 1[) becomes 



. . N-S-a' 5 
2.2.3) > z s > . 

y x 

If we assume that N < x, then by choosing 6 — N the inequality above implies 

a' N 

> > z N > > -1. 

y x 

which cannot happen for any zn <E Z. Thus, N > x. 

If < 6 < x, then zs = 0, thus N > 5 + a' . In particular, when 8 = x — 1 we get 
(2.2.4) N>x + a'-l. 

If 5 > x, write S = qx + r with q, r non-negative integers with < r < x. Using 
(12.2.41) we obtain 

N — a' v — x x — 1 „ y — x 
+ 5- > + 5- 

y xy y xy 

x — 1 y — x 

> + 

y y 
l 

= l - - 
y 
l 

> l- - 

X 

x- 1 



X 

r 

> -. 

x 

In particular, the inequality (|2 . 2 .3[) holds if z$ = —q. Thus, we have N = x + a' — 1. 
Case a" ^ 0. 

If we assume that N < a" , then by choosing 6 = N, the inequality (|2.2.1[) implies 

a' -N + a" 
> > z N > > 0, 

y x 

which is a contradiction. Thus, we must have N > a" . We apply inequality (|2.2.1|) 
to several cases of 6 in order to show that we should have N = a' + a" + y — 1. 
If S = a", then z s > and then N > a' + a". 

If < 8 < a" , then zs > 1 and then N > a' + y + S. In particular, for S = a" — 1, 

N > a' + a" + y- 1. 

If 5 > a", then write 5 — a" = qx + r for non-negative integers q, r and < r < x. 
Using that N > a' + a" + y — 1 and 6 > a" + 1, we obtain 
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N-a' , s y-x aT + y-l 1 
ho > ha +1 



y xy y \x y 

1 2 a" 
= 1 + + — 

x y x 

x-l ( 1 1 \ a" 
+ 2 + — 

x \x y J x 

r a" 
> — I . 

x x 

Then the inequality (12.2.11) holds by taking z$ = — q. Therefore, N = a' + a" + y — 1. 
(b). Case a' ^ 0. 

First, we show that m p+x ~ 1 C (i b ). This is equivalent with showing that for 
any u, v and w non-negative integers such that u + v + w= p + x — 1 there exist 
non-negative integers a, /3 and 7 with /3 ^ such that 

ua + vb + wc = aa + fib + 7c. 

If v 7^ 0, then this is clear. Assume that v — 0, u = p + x — 1 — 5 and w = 5 where 
6" e {0, . . . ,p + x — 1}. We consider the two cases: 8 < x — 1 and 5 > x — 1. 
In the case <5 < a; — 1, we have: 

ua + wc = (p + x — 1 — o~)a + Spy 

= (x — 1 — <5)a + a'pir + (<5 + a")py 

= (x-l-S)a + a'b +{5 + a")c. 

Since a' 7^ 0, we have written ua + wc in the desired format. 

In the case 8 > x — 1, we set 9 = 8 — x + 1 > 0. Remark that p — 9 > 0. We have: 
ua + = (p + x — 1 — S)a + Spy 

= (p — 9)a + pxy + (9 — l)py 
= (p- ff)a + yb+(9- l)c. 

Next, we show that rri p+x ~ 2 % (t b ). Assume that there exist non-negative integers 
a, [5 and 7 with (3^0 and (p — l)a + {x — l)c = eta + /36 + 7c. This is equivalent to 

(2.2.5) pa + (x — l)py = (a + l)a + f3px + jpy. 

Since gcd(a,p) = 1, there exists a positive integer a' such that a + 1 = pa'. Thus, 
the last equality above is equivalent to 

a'x + a"y + (x — l)y = a'(a'x + a"y) + fix + 7?/ 

y(a" — 1 + x — a a" — 7) = x{pl a + ft — a) 

y[x — a" (a — 1) — 7] = ir[a'(c/ — 1) +/J]. 

Since gcd(x, y) = 1 and a' (a' — 1) + /} > 0, there exists a positive integer z such 
that 

a; — a" (a' — 1) — 7 = sz. 
This together with the fact that a" (a' — 1) + 7 > 0, implies that z = 1 thus 

a" (a' - 1) = and 7 = 0. 
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If a" ^ 0, then a! = 1 and, after dividing by p, the equality (12.2.5j) becomes 
[x — l)y = fix, which is a contradiction since gcd(x, y) — 1. If a" — 0, then a = a'x 
and, after dividing by p, the equality (12.2.51) becomes (a; — l)y — (a' — l)a'x + fix, 
which is again a contradiction. 

Case a' = 0. In particular, it implies that a" ^ 0. 

If p < a", then apply part (a) with a, b, c, p, x, y, a', a" taken to be 
px, py, a"y, y, p, a", x and respectively 0. 

If p > a", then apply part (a) with a, b, c, p, x, y, a', a" taken to be 
px, a"y, py, y, a" , p, 0, and respectively x. 

(c) follows from (b) due to the symmetry of the statement in x and y. 

□ 

Remark 2.3. Theorem 12.21 and the results from 11.21 allow us now to give a "for- 
mula" for the index of a numerical semigroup ring of embedding dimension three 
in terms of the generators of the semigroup. Indeed, index(i?) = min{iV a , Nb, N c }, 
and N a ,Nb and A^ c were computed in Theorem 12.21 We give below some special 
cases. 

Corollary 2.4. Let R be a complete intersection semigroup ring of embedding 
dimension three. With the notation from \2.1[ set a — a'x + a"y with a' and a" 
non-negative integers and assume that a" < x < y . 

(a) Ifa'^Q and a" ^ 0, then 

index(i?) = min{j/ + a + a — 1, p + x — 1}. 

(b) If a' = and p < a" , then 

index(i?) = min{j/ + a — 1, p + x — 1}. 

(c) // a" = 0, then 

indcx(i?) = min{p + x — 1, x + a' — 1}. 

Example 2.5. Let R = k[\t in , fC^+iXSn-i), i (4n+i)(2n+i)|j where k is an inmlite 
field and n > 2. Then R is a complete intersection ring with 

mult(.R) - index(.R) - codim(i?) + 1 = In - 3. 

Proof. If we let a = 4rt, x = 2n — 1, y = In + 1 and p = An + 1, we obtain by 
Corollary l2lTa) that indcx(i?) = min{2n + 2, 6n - 1} = 2n + 2. So, using nowli~T1 
we get mult(.R) - index(i?) - codim(-R) + 1 = An - (2n + 2) - 2 + 1 = 2n - 3. □ 

Another way of expressing the index in terms of the generators of the semigroup 
is to use the Frobenius number and the order function defined in Section [T] 

Proposition 2.6. Let R be a complete intersection numerical semigroup ring of 
embedding dimension three. With the notations from the following equalities 
hold. 

(a) N a = oTd(f(H)+a) + l. 

(b) N b = ord(/(if) + b) + 1. 

(c) N c = ord(/(ff) + c) + 1. 



s 
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Proof. The Frobenius number is given by f(H) = pxy + pa — (a + b + c), see 12.11 

(a). By definition ord(n) = max{a + /3 + j\n = aa + /3b + 7c}. Let a, j3 and 7 
such that f(H) + a = aa + /3b + 7c. Thus, 

pxy + pa = aa + {/3 + 1)6 + (7 + l)c. 

Since gcd(a,p)=l, there exists a non-negative integer a' such that a — pa' , so the 
equality above becomes 

(2.6.1) xy + a = a' a + (/3 + l)x + (7 + l)y. 

If a 1 > 0, then we have 

xy =(o/ — l)(a'ir + a"y) + {(3 + l)x + (7 + l)y <^=> 

x[y - {a 1 - l)a' - (f3 + 1)] =y[a"(a' - 1) + (7 + 1)]. 

Since gcd(x,y) — 1 it follows that y divides y — (a' — l)a' — (/3 + 1), which is in 
contradiction with the fact that < y — (a' — l)a' — (/3 + 1) < y. 
Thus a' = 0, from where a = and the equality (|2.6.1|) becomes 

xy + ax + a"y — (/3 + l)x + (7 + l)y <i=> 

x[y + a' -(0 + 1)} =y[( 1 + l)-a"]. 

Since gcd(a;, y) — 1, there exists z £ Z such that 

y + a'-(J3 + l) = yz 

(7 + 1) — a" — xz. 

Using in addition that (3 + 1 > and 7 + 1 > we get that the ord(/(iT) + a) is 

{. n 1 1 a 1 — 1 a" — 1 
y + a+ a + z(x — y) — 2 | 3z G Z such that h 1 > z > 
y x 

The function <p(z) — y + a' + a" + z(x — y) — 2 is decreasing as if'(z) — x — y < 0. 
Therefore, the maximum of the function </?, is attained when z is minimum, under 
the given conditions. If a" = 0, then z m ; n = 1, and thus 

ord(/(#) + a) = y + a' + a" + (x - y) - 2 = x + a' - 2. 

x 



Assume that a" > 1 and let 



r, where < r < x. If r = 0, then 



Zmin = hi. Therefore, 

x 



ovd(f(H) + a) = y + a' + a" H (y -x)+x-y-2 

x 

= x + a + y 2. 



If r ^ 0, then z min — 



Therefore, 



ord(f(H) +a)=y + a' + a" + 



a 

x 



(y-x)- 2. 



Using Theorem 12.2( a) we get the desired equality. 

(b). Let a, (3 and 7 non-negative integers such that f(H) + b = aa + (3b + 7c. 
Thus, 



(2.6.2) 



pxy + pa = (a + l)a + /3b + (7 + l)c. 
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Since gcd(a,p) = 1, there exists a positive integer a 1 such that a+ 1 = pa' , thus 
dividing (|2.6.2[) by p we get 

xy + a = a' a + j3x + (7 + l)y <==>■ 

xy = [a' - l)(a'x + a"y) + fix + (7 + l)y <^=> 
x[y - (a' - l)a' - (3} = y[(a' - l)a" + (7 + 1)] ± 0. 

Since gcd(a;, y) = 1 it follows that y divides the positive number y — (a 1 — l)a' — /3, 
which is less or equal to y. Thus, 

= 
(a' - l)a! = 
(a' - l)a" + (7 + 1) = x. 

If a' =/= 0, then a' = 1 and thus a = p — 1 and 7 = x — 1. This implies that 

ord(/(i?) + 6) =p + .x-2. 

If a' = 0, then a = a"y and (|2.6.2j) becomes 

pa;y + pa"y = (a + l)a"y + (7 + l)py 
px + pa" = (a + l)a" + (7 + l)p 
a (p — a — 1) = ^(7 + 1 — x). 

Since gcd(a",p) = 1, there exists an integer z such that 

p — a — 1 = pz 
7 + 1 — x = a" z. 

Using in addition that a + 1 > and 7 + 1 > we get that ord(/(7J) + b) is 

f 1 — 

max < [p + x — 2) + (a" — p)z \ 3z € Z such that > z > — - 
^ a" 

Set (p(z) = (p+x — 2) + (a"—p)z, so tp'(z) = a" —p. lip < a", then ip is an increasing 
function whose maximum is attained when z is maximum, that is z max = 0. Thus, 

ord(f(H) + b) =p + x-2. 

If p > a" , then <p is a decreasing function whose maximum is attained when z is 

v 1 x 

— + r, where < r < a". If r — 0, then z,„i n = + 1. 

"J a" 



minimum. Let x = a" 
Therefore, 



x 
a/' 



ord(f(H)+b)=a"+p^-2. 



x 

If r ^ 0, then z = — — . Therefore, 
-a" J 

ard(/(.ff) + 6)=p + x- 2 + (p- a") 

Using Theorem I2.2f b) we get the desired equality. 

(c) follows from part (b), due to the symmetry of the statement in x and y. □ 
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3. The index of a complete intersection semigroup ring of edim >3 

In this section let H = (ai, 02, . . . , a e ) be a semigroup with gcd(ai, . . . , a e ) = 1 
and ai < C12 < ■ ■ ■ < a e and set R = k[\H |] for an infinite held k. 

If R is Gorenstein, then minium 1 C (t ai )} — ord(f(H) + ai) + I; see [H Lemma 
2.5]. Proposition 12.61 proves that this is true for all i = I,...,e when e = 3. 
Yi-Huang Shcn and Lance Bryant confirmed [3] that a more general result holds. 
Although the proof they suggest uses techniques not used in this paper, we include it 
here as it does not appear in literature. For details on terminology and background 
results see [2]. 

Proposition 3.1. If R = k[\H\] is a Gorenstein numerical semigroup ring, then 
min{i|m 4 C (t s )} = ord(/(#) + s) + l, 

for all s G H\{0}. 

Proof. We recall, see [2J, that the Apery set of n G \{0} is defined by Ap(_ff; n) — 
{w G H I w ~ n $ H}. When s G H, then 

Ap(H;s) = {wo,wi,...,w a - 1 }, 

where = u>q < u>\ < ■ ■ ■ < w s -i = f{H) + s. 

A homogeneous element t w G m 1 belongs to (t s ) if and only if t w — t s ■ t u for 
some u G H if and only if w — s G H. On the other hand, t w G m l if and only if 
ord(w) > i. Therefore, we get the first equality of: 

N s = min{i | for all w G H such that ord(iy) > i, we have w £ Ap(H; s)} 
= max{ord(w) | w G Ap(H; s) \ {0}} + 1. 

The second equality follows from the definition of the Apery set. It is easy to check 
that the proof of [2j Proposition 3.6] holds also in when d\ is replaced by any s G H. 
Thus, for a symmetric semigroup H we obtain 

Wi + Wj = w s _i = f(H) + s for all i + j = s — 1. 

In particular, 

ord(» < ord(/(iJ) + s), for all w G Ap(H ; s) \ {0}. 
The desired conclusion now follows. □ 

Corollary 3.2. If R = k[\H\] is a Gorenstein numerical semigroup ring, then 
index(i?) = min {ord(/(/f) + Oj)} + 1. 

i— l,...,e 

Remark 3.3. Although Proposition ^. 6l follows now from Proposition 13. 11 we keep 
our proof in the embedding dimension three case to show that the complexity of 
computations does not decrease when it comes to get a precise formula for the index 
in terms of the generators of the semigroup. 

The next example shows that Proposition 12.61 does not hold in the case when R 
is not a Gorenstein ring. 

Example 3.4. Let k be a field and R — k[\t 4 , t 5 , i n |]. If / is the Frobenius number 
of the semigroup (4, 5, 11), then 

JV 4 ^ord(/ + 4) + l, 
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Indeed, / = 7 and ord(/ + 4) + 1 = ord(ll) + 1 = 2 and Na ^ 2 as t w e m 2 \ (f 4 ). 

In [9j Lemma 1], K. Watanabe shows how one can construct complete intersection 
numerical semigroup rings. His result is generalized by Delorme 14, Proposition 10]. 

3.5. If H is a complete intersection semigroup generated by the natural numbers 
a% < a 2 < ■■■ < a e with gcd(oi, a%, ■ ■ • , a e ) = 1, then W — (a,pH) is a com- 
plete intersection for all a and p such that a = Ylt=i a i a i with Yli=i on > 1 and 
gcd(a,p) = 1. Moreover, in this case we have f(H') = p ■ f(H) + (p — l)a. 

3.6. [S| Set H n , a = (2™, 2™ + a, . . . , 2™ + 2 i a, . . . , 2" + 2 n ~ 1 a) with n > 1 and a 
is a positive odd integer. The semigroup H n>a is a complete intersection as it is 
obtained inductively: H n>a — (2™ + a, 2H n -i a ), for all n > 2. 

Lemma 3.7. TTie semigroup H n a defined m iff. 61 aas i/ie Frobenius number 

f{H n , a ) = (n - 1)2" + (2 n - l)a. 

Proof. It follows by induction on n using 13.51 □ 

Proposition 3.8. Let i? ra) a = fc[|-ff n .a|] oe a semigroup ring with H n ^ a given m iff. 61 
and fc an infinite field. Then 

index(i?„ ja ) = n + 1. 

In particular, 

mult(i?„, a ) — index(i?„, Q ) — codim(i? na ) + 1 = 2™ — 2n. 

Proof. Using Corollary 13.21 it is enough to compute the minimum of ord(/(-ff„. a ) + 
2") and ord(/(i3n,o) + 2™ + 2 fe a) for k = 0, . . . , n - 1. 

Claim. oi-d(f(H n . a ) + 2 n ) = n. Indeed, by Lemma l3~7l we have 
f(H n , a ) + 2 n = n2 n + (2" - l)a 

= (2" + a) + (2" + 2a) + • • • + (2" + 2 n - l a). 
Thus, ord(f(H n a ) + 2") > n. In general, we assume that 

/(#„,«) + 2" = a 2™ + ai(2 n + a) + a 2 (2" + 2a) + • • • + a n (2 n + 2"- 1 a). 
This is equivalent to 

(2"+a)+(2"+2a)+- • •+(2"+2"- 1 a) = a 2 n +a 1 (2"+a)+a 2 (2 n +2a)+- • •+a„(2™+2' 
Thus, we have 

2" • [n - (a + ai H h a„)] = a • (ai + 2a 2 H + 2"" 1 a„ - 2" + 1), 

which implies, since a is odd, that there exists an integer z such that 

n — («o + «i + • • • + ot n ) = az, and 

ai + 2a 2 + ■ • • + 2 n - 1 a n - 2™ + 1 = 2 n z. 

In particular, the second equality gives that z > and the first that 

cto + Oi\ + • • • + a n = n — az < n. 

Since the order is given by the maximum of such sums, the claim holds. 

Next, we show that ord(/(i?„. a +2" + 2 fc a) > n for all k = 0, ... , n— 1, concluding 
our proof. 
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O. VELICHE 



If k = 0, then 

f(H n , a ) + (2" + a) = n2 n + (2" -l)a + a 
= (n + l)2 n . 

Thus, ord(/(# n>0 ) + 2™ + a) > n + 1. 
If 1 < A; < n - 2, then 

/(.»„,«,) + (2" + 2 k a) = n2 n + (2 n - l)a + 2 fc a 

= (2" + a) + --- + (2" + 2 fe - 1 a) 

+ 2(2" + 2 k+1 a) + • • • + (2™ + 2"- 1 a). 

Thus, ord(/(i?„, a ) + 2" + 2 fe a) > n. 
If fc = n — 1 , then 

/(i?n,a) + (2™ + 2"- 1 a) = n2" + (2" - l)a + 2"- 1 a 

= (2 n + a) + • • • + (2" + 2 k - l a) + ■■■ + (2 n + 2 n - 2 a) + (1 + a)2 n . 

Thus, ord(/(i/„ iQ ) + 2™ + 2™~ 1 ) > n + a. Therefore, the minimum order is n, so 
index(i?„, a ) = n + 1. The last equality follows from II .ll □ 
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